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We discuss recent work which has found, using a tunneling approach, higher-order terms in the
Hawking temperature. We highlight a few important issues in the derivation, such as a misleading
definition of energy, and criticize some of the conclusions that have been reached. In particular,
we conclude that contrary to many recent claims, the tunneling method yields no higher-order
corrections to the Hawking Temperature.
I. INTRODUCTION
The tunneling approach [1–4] is a modern technique
to model Hawking radiation as the tunneling of quantum
fields across an event horizon. This method has the
considerable advantage of being local, and can therefore
be used to study spacetimes with multiple horizons such
as embedded black holes in deSitter spacetimes. It has
therefore been used to explore the thermodynamics of
many spacetimes: Kerr-Newman [5, 6], Black Rings
[7], Taub-NUT [8], AdS black holes [9], BTZ [10, 11],
Vaidya [12], dynamical black holes [13], Kerr-Go¨del [14],
deSitter horizons [15–17], and constant curvature black
holes [18]. Moreover, this approach allows quantum
fields to be considered explicitly, such that the emission
of scalars, fermions [19–24], and bosons [24, 26] from a
multitude of black holes has been studied.
It has recently been claimed that higher-order quantum
corrections can be calculated using the Hamilton-Jacobi
version [4] of the tunneling method. This was first
shown for scalars [25] before being expanded to fermions
[23] and photons [24], finally exploding into a popular
research topic [27–38] dealing with the thermodynamics
of various spacetimes. The idea is quite simple: in
the common formalism of the tunneling method, one
takes the semi-classical limit h¯ → 0 and retains only
leading-order terms to calculate the standard Hawking
temperature. The claim of [25] is that if one keeps
these higher-order terms, then non-zero higher-order
corrections to the Hawking temperature are found.
These corrections are later associated with back-reaction
effects and a conformal trace anomaly.
The existence of such corrections is odd for many
reasons. First, [25] studies a free field on a background
metric which is fixed and stationary, such that what is
calculated cannot be a true back-reaction. Moreover,
the Hawking temperature can be calculated exactly
through various other means, and no higher-order
quantum corrections are found as long as the metric
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remains fixed. Indeed, Chatterjee and Mitra [39] as
well as Wang et al [40] have recently argued that the
tunneling method yields no higher-order corrections to
the Hawking temperature, and it has also been shown
that neither scalars, fermions, nor bosons introduce
higher-order terms [26].
This comment aims to clarify the issue. We will
begin by summarizing the derivation from [25] of
higher-order terms by going over the case of the massless
scalar field in Section II; derivations for fermions [23] and
photons [24] follow analogous, though progressively more
complicated, steps. In Section III, we highlight problems
with this derivation as well as with the interpretation
of its results. In particular, we will show that this
version of the tunneling method does not, contrary to
previous claims, make any prediction regarding effects of
back-reaction on a black hole’s temperature, and yields
no higher-order corrections to the Hawking temperature.
Indeed, the calculated corrections from [25] stem from a
misleading definition of the energy.
II. SUMMARY OF THE DERIVATION FOR A
FREE SCALAR FIELD
There exists in the literature multiple derivations of
higher-order quantum corrections for the tunneling of a
scalar field from the generic near-horizon black hole line
element
ds2 = −f(r)dt2 + 1
g(r)
dr2 + r2dΩ2, (1)
where f(r) and g(r) vanish at the horizon r0, while
f ′(r0) and g
′(r0) both remain finite. Since most of these
derivations are based on [25], we will reproduce here the
main ideas of that paper.
Taking a hint from the WKB approximation, the
scalar field is written as φ = e
−i
h¯
S and satisfies the
Klein-Gordon equation ∂µ (g
µν√−g∂ν)φ = 0. Looking
only at the (r, t) sector of the equations, which contains
2all the divergent terms, we find
−1√
fg
∂2t φ+
1
2
(
f ′
√
g
f
+ g′
√
f
g
)
∂rφ+
√
fg∂2rφ = 0.
(2)
The action is then expanded in powers of h¯: S = S0 +∑
∞
i=1 h¯
iSi, and, setting each order to zero independently
in (2), we find a series of equations:
h¯0 0 = (∂tS0)
2 − fg(∂rS0)2;
h¯1 0 = 2i∂tS0∂tS1 − 2ifg∂rS0∂rS1 − ∂2t S0
+ fg∂2rS0 +
1
2
(f ′g + fg′)∂rS0;
h¯2 0 = i(∂tS1)
2 + 2i∂tS0∂tS2 − ifg(∂rS1)2
− 2ifg∂rS0∂rS2 − ∂2t S1 + fg∂2rS1
+
1
2
(f ′g + fg′)∂rS1;
...
(3)
It turns out that these equations can be solved iteratively:
solving for Si using Sj<i. In the end, we find that, for
every i,
∂tSi = ±
√
fg∂rSi (4)
solves the system of equations (3). [25] concludes from
equation (4) that since every Si satisfies the same dif-
ferential equation, they must all be proportional to one
another. In that spirit, they introduce coefficients βi such
that
Si =
h¯iβi
M2
S0, (5)
where the M2 is introduced because we are working in
units where h¯ has dimensions of mass squared, since we
set c = G = kB = 1. Following the steps of the standard
zeroth-order calculation, they define the energy by E =
−∂tS0 and find
ImS = Im
∮
∂rS = Im
∮ E (1 +∑i h¯iβiM2i )√
fg
=
(
1 +
∑
i
h¯iβi
M2i
)
ImS0;
(6)
this allows them to find corrections to the Hawking tem-
perature through the tunneling rate [46] Γ ∝ e−2ImS =
e−E/T :
T = T0
(
1 +
∑
i
h¯iβi
M2i
)
−1
. (7)
Similar derivations were later performed for fermions [23]
and photons [24].
III. DISCUSSION
In disagreement with the above, it has been shown
that neither scalars [39, 40] nor fermions or bosons [26]
lead to higher-order corrections. We will discuss this
contradiction by outlining problems with the above
derivation and highlighting where the results have been
misinterpreted by the authors.
First, because this method does not fix the coeffi-
cients βi, equation (7) is vacuous: it merely states
that the temperature consists of a bare part, T0, plus
some unspecified correction. In particular, it can be
trivially derived without doing any actual calculations,
as long as we assume that the emission rate goes as
Γ ∝ e−E/T where E = −∂tS0 [47] as in the previous
section. Indeed, to leading order, the tunneling rate
goes as Γ0 ∝ e−2ImS0 = e−E0/T0 , whereas to the
next order, it goes as Γ1 ∝ e−2Im(S0+h¯S1) = e−E0/T .
Combining these two relations leads to the equality
T Im (S0 + h¯S1) = T0ImS0, which in turn implies
T = T0
(
1 + h¯ ImS1ImS0
)
−1
. Since ImS0 and ImS1 have
already been evaluated to correspond to the path of the
emitted field (as in, for example, equation (6)), they
are merely numbers. For example, for the case of a
Schwarzschild black hole, 2ImS0 = 8piME. Denoting
the ratio between these two numbers by β1h¯M2 , we retrieve
equation (7).
Second, and most importantly, these results do not
imply higher-order corrections to the Hawking temper-
ature, and the higher-order terms from equation (7)
are the result of a misleading definition of the energy.
Indeed, equation (5) says that all the Si are proportional
to one another; in particular this means that
S = S0
(
1 +
∑
i
h¯iβi
M2i
)
. (8)
Because the tunneling rate is given by Γ ∝ e−2ImS =
e−E/T , the temperature can easily be computed:
T =
E
2ImS
=
E
2ImS0
(
1 +
∑
i
h¯iβi
M2i
) . (9)
It is clear from this expression that the temperature is
directly dependent on our definition of the energy. In
a stationary spacetime like the one we are considering,
a sensible definition for the energy is E = −∂tS; using
equations (8) and (9), this directly implies
T =
−∂tS0
2ImS0
= T0. (10)
The left hand side is the temperature T as calculated
to every order in h¯, while the right-hand side is the
zeroth-order Hawking temperature T0. Therefore, there
3are no higher-order quantum corrections to the Hawking
temperature. These claimed corrections, as seen in
equation (7), are simply the result of defining the energy
by E = −∂tS0 instead of E = −∂tS. Because it is
possible [26] to perform all the calculations exactly
without ever expanding in powers of h¯, it makes no
sense to define the energy from the zeroth-order part
of the action (which may not even be well-defined) as
E = −∂tS0, just as it would make no sense to define it
as E = ∂t(S/2). It is therefore extremely misleading to
claim that the higher-order terms in equation (7) are
due to higher-order effects, as this hides the fact that the
concepts of temperature and energy go hand in hand.
When considering higher-order terms in the action, the
definition of energy must be updated analogously, and
the non-trivial result is that the Hawking temperature
sees no correction.
We should note, however, that back-reaction does
have interesting effects on Hawking radiation. Indeed,
Hawking [41] initially calculated one-loop corrections to
the radiation process, which were associated with a trace
anomaly. Later, the tunneling method was used to show
that this back-reaction modified the thermal nature of
the emitted radiation [2]. More recently, it was used
to study correlations between emitted particles, which
may provide an answer to the information loss paradox
[42, 43].
IV. CONCLUSION
Contrary to the claims of [25] and many subsequent
papers [23, 24, 27–38], the tunneling method yields no
higher-order corrections to the Hawking temperature. In
particular, for the Schwarzschild black hole, this means
that, to every order in h¯, the Hawking temperature is
T =
h¯
8piM
. (11)
This is because we are working with a fixed metric and a
free field, and therefore obviously disregard back-reaction
effects. The higher-order quantum corrections found in
[25] are merely a mathematical artifact of a misleading
definition of energy, and not a consequence of higher-
order physical effects. Our arguments are in line with
those of Chatterjee and Mitra [39] as well as Wang et
al [40], and it is our hope that this will put an end to
the deluge of papers claiming to calculate higher-order
corrections to various spacetimes using this technique.
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